The notion of strong structural controllability (scontrollability) allows for determining controllability properties of large linear time-invariant systems even when numerical values of the system parameters are not known a priori. The s-controllability guarantees controllability for all numerical realizations of the system parameters. We address the optimization problem of minimal cardinality input selection for s-controllability. Previous work shows that not only the optimization problem is NP-hard, but finding an approximate solution is also hard. We propose a randomized algorithm using the notion of zero forcing sets to obtain an optimal solution with high probability.
I. INTRODUCTION
With the ever increasing interconnection of networks in today's world, study of complex networks has gained a lot of attention. Large interconnected networks are prevalent in several fields including power systems [2] , the Internet [3] , biology [4] , and multi-agents [5] . Controllability of complex systems is an essential property to achieve intended performance of the system. Analyzing controllability of large-scale systems using conventional control theory is a challenging task as the exact numerical entries of the system matrices are often unknown. Structural analysis is a framework to analyze complex systems using the sparsity pattern of their network dynamics [6] .
Weak structural controllability and strong structural controllability are key concepts in structural analysis to study controllability of the networks. While weak structural controllability guarantees controllability of almost all numerical realizations of the network there may exist a thin set 1 of uncontrollable systems with the same sparsity pattern. This has led to the notion of strong structural controllability (s-controllability) [8] . The s-controllability of a system guarantees controllability of all possible numerical systems whose sparsity pattern is same as that of the network [9] . s-controllability is a graph theoretic analysis which is useful in two contexts: (i) it verifies controllability of all numerical systems with the given sparsity pattern when only the sparsity patterns of the state matrices are known, and (ii) it verifies controllability of systems with known numerical entries bypassing the numerical instability involved in the floating point computations [6] .
Optimal input design for s-controllability is an important optimization problem in complex systems due to the large system size. Actuating many states incurs huge cost in terms of installation and monitoring. There has been some effort on input design for s-control [1] , [2] , [10] . However, they do not provide a computationally efficient scheme/algorithm with guaranteed performance ratio for sparsest input matrix design on general graph topology. In this ⇤ Department of Electrical Engineering, Indian Institute of Technology Bombay, India. Email: {kryashashwi,chaporkar}@ee.iitb.ac.in.
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paper, we propose a randomized algorithm based on Markov Chain Monte Carlo (MCMC) using zero forcing set (ZFS) [10] to design a sparsest input matrix that guarantees s-controllability. In our formulation, we construct a discrete time Markov chain (DTMC) and a cost function, based on the color change rule of ZFS given in [10] , and show that the MCMC returns an optimal solution asymptotically.
We make the following contributions in this paper:
• We propose a computationally efficient randomized algorithm to obtain minimum input selection for s-controllability, which is known to be notoriously hard even to approximate. The proposed algorithm exploits known equivalence between ZFS and s-controllability for quick convergence. • We validate our proposed algorithm on small networks and on large self-damped directed trees for which optimal can be computed. We show that the algorithm obtains optimal solution in all of the considered cases. We also compare the performance of our algorithm with that of only known heuristic [1] for large randomly generated networks. The experiments show that our algorithm performs much better. • We also conduct experiments on three real-world networks, viz. IEEE 39-bus system, protein-protein interaction network, and US airport network. In these real world scenarios as well, our algorithm significantly outperforms the heuristic. • Our scheme can also be used for efficient computation of ZFS in a graph. As computation of ZFS is a key step in solving many problems including that in quantum control theory [11] , PMU placement problems [12] and inverse eigenvalue problems [13] . Our approach can also be used for these problems and hence can be of independent interest. The rest of the paper is organized as follows: Section II summarizes the related work. Section III discusses notations and preliminaries on s-controllability and describes the problem addressed in this paper. Section IV describes the zero forcing problem and its relation to s-controllability. Section V presents an MCMC based approach to minimize the cardinality of input set required for scontrollability. Section VI demonstrates the performance of MCMC on synthetic as well as real-world networks. Finally, section VII gives the concluding remarks on our results.
II. RELATED WORK
Optimal input selection for weak controllability is addressed in many papers (see [14] , [15] , [16] and references therein). A linear time algorithm is given in [17] for verifying s-controllability. Paper [18] deals with the number of control inputs and algebraic characterization of zero-forcing sets in the framework of scontrollability. s-controllability is studied in the context of target controllability in [19] , [20] , where the focus is on controlling a prescribed subset of states rather than the whole system. Design of an s-controllable network, when only nodes are specified, using the notion of balancing sets is done in [21] . Our focus is on sparsest input design for s-controllability of the full network. Further, we consider s-controllability of Linear Time-Invariant (LTI) systems differing from [22] and [23] which consider linear time varying systems.
Paper [1] proved NP-hardness of sparsest input design problem for s-controllability (using constrained t-matching) and proposed a heuristic algorithm. The performance of the heuristic algorithm is analyzed by comparing the results with optimal results obtained using exhaustive search method, for smaller networks. We construct problem instances to demonstrate that the heuristic algorithm in [1] gives arbitrarily bad performance ratio for which our MCMCbased algorithm gives an optimal solution. Moreover, in the several experiments we conducted, the proposed MCMC method always outperforms the heuristic. Performance of our scheme is found to be much better than the heuristic when the state matrix is dense. Paper [2] gave an algorithm to find a sparsest input matrix for s-control when the structured state matrix of the system has so-called maximal staircase structure. On the other hand, [10] proved the equivalence of s-controllability and ZFS problem and using the equivalence gave a polynomial-time algorithm to find sparsest input matrix for scontrollability in self-damped systems with a tree-structure. We do not assume any special graph topology or matrix structure and give a computationally efficient algorithm to design a sparsest input matrix for s-control of systems.
III. STRONG STRUCTURAL CONTROLLABILITY AND PROBLEM FORMULATION
Consider a structured LTI system given byẋ = Ax + Bu, where x 2 R n is the system state, A 2 {0, ⇥} n⇥n is the state matrix and B 2 {0, ⇥} n⇥m is the input matrix. Here ⇥ denotes independent free parameters. The LTI system is called structured system as exact numerical values in A and B are unknown and only the sparsity pattern is known. The structured system represents a class of LTI systemsẋ =Ãx +Bu such that numerical entryÃ i j 6 = 0 (B i j 6 = 0, resp.) if and only if A i j = ⇥ (B i j = ⇥, resp.). Any such (Ã,B) is called numerical realization of the structured system (A, B). We assume that the structural state matrix A is given and our aim is to design a sparsest input matrix B such that the LTI system (A, B) is s-controllable. Now, we formally specify our problem. Towards this end, let us define K A to be the set of all n ⇥ m structured input matrices B such that (A, B) is s-controllable and m can take any value in {1,...,n}. Clearly K A is not empty as the n ⇥ n matrix I with I ii = ⇥ for each i is in K A (see Proposition 1). Define, for a structured matrix Z, |Z| to be the number of ⇥ entries in Z. Problem 1. Given a structured system with state matrix A, find
|B|.
Remark: In [1] , it is shown that to obtain B ? , it is enough to consider (n ⇥ m) B matrices with exactly one nonzero entry in each column and each row. Thus, Problem 1 can be alternatively stated as follows: find a smallest cardinality set S ? of system states such that actuating them independently results in a s-controllable system.
IV. PRELIMINARIES
For a given structured LTI system (A, B), Reinschke et al. have given a necessary and sufficient condition to verify its scontrollability in their seminal paper [24] . We introduce the following concepts before stating the main result from [24] for the sake of completeness. Definition 2. A structured pair (A, B) is said to be in Form III if there exists two permutation matrices P 1 and P 2 such that
where the ⇥ denotes the location of nonzero elements and ⌦ can be either zero or nonzero. The verification of s-controllability of pair (A, B) can be done in polynomial time by verifying two conditions stated in Proposition 1 [24] . Recently, Chapman et al. [1] and Trefois et al. [10] have given graph theoretic algorithms based on the constrained tmatching and zero forcing problem, respectively, for verification of s-controllability when the inputs are dedicated. Note that for dedicated inputs, the input matrix B can be obtained as the matrix [e i 1 ,...,e i m ] 2 {0, ⇥} n⇥m . Here, e i denotes the structural form of the i th standard basis vector, i.e., [e i ] j = ⇥ for j = i and [e i ] j = 0 otherwise. Since, our work relies on the conditions based on zero forcing problem, we describe that in detail next.
A. Zero Forcing Problem in Graphs
The zero forcing problem in a directed graph G = (V, E) is introduced in [25] . Nodes in the graph with some abuse of notation are denoted by
E then x i is also an out-neighbor of x i . Now, the zero forcing problem can be broadly described as follows. Each node in the graph can either be black or white. Let S ✓ V be the set of black nodes at the beginning. Note that S can be the empty set. White nodes can be forced to change their color to black based on some color changing rule applied iteratively until no color change as per the specified color changing rule is possible. If starting from set S, all nodes eventually become black, then S is called zero forcing set for graph G. Next we define graphs of interest to us and their corresponding color changing rule.
Definition 5 (Colour Changing Rule [25] ). If exactly one outneighbor x j of x i is white, then change color of x j to black.
Remark : Note that color of x i plays no role in deciding whether its out-neighbor x j changes color to black unless (x i , x i ) 2 E, i.e. x i is also an out-neighbor of x i . By Definition 5, if (x i , x i ) 2 E and all other out-neighbors of x i are black, then x i becomes black.
If x j changes color because of x i , then we say that x i forces x j and is denoted by x i ! x j . Thus, the subsequent color changes can be alternatively represented in terms of the chronological list of forces applied. When no vertex can be forced to change color, then the iterative color change process stops. Thus, starting from set S of nodes which are assigned black color in the beginning, we end up with set W (S) of white nodes that can not be forced to change color.
Definition 6 (Zero Forcing Set). A set S ✓ V is said to be a zero forcing set for the graph G if W (S) is the empty set, i.e. at the termination all nodes in the graph become black.
Definition 7 (Zero Forcing Number). Zero forcing number Z(G) of graph G is defined as
Next we elaborate on the relation between zero forcing problem and s-controllability.
B. Zero Forcing and Strong Structural Controllability
Corresponding to the state matrix A of LTI system, we can define directed graph G(A) = (V, E) as follows. Define V equals set of states and (x j ,
Thus, B(S) corresponds to the input matrix such that state x i receives input only if x i 2 S. In terms of the zero forcing problem, the following result gives a necessary and sufficient condition for scontrollability of the system (A, B). The above proposition establishes equivalence between the scontrollability and the zero forcing problem. Thus, finding B ? in Problem 1 is equivalent to finding a least cardinality set S ? that satisfies the two conditions in Proposition 2. Unfortunately, not only finding a least cardinality ZFS of a graph is NP-hard [10] , [26] , but also finding an approximate solution is hard [27] . Thus, a heuristic algorithm to solve Problem 1 can be arbitrarily bad. Indeed, we show that the heuristic algorithm proposed in [1] can obtain solution which in O(n) suboptimal, where n is the number of states (see [28] ). Hence, we propose a randomized algorithm that returns an optimal solution with high probability.
V. MCMC BASED APPROACH
As stated in the previous section, no polynomial time algorithm exists for determining sparsest input matrix that can make the system s-controllable unless P = NP. So, we propose a randomized scheme that outputs optimal solution with high probability. Broadly, our approach is as follows: we define a cost function C(·) that assigns a non-negative real number to every subset of V . Thus, C : V ! ¬ + , where V is the power set of V and ¬ + is the set of non-negative real numbers. The function achieves the minimum value for a least cardinality input set (say S ? ) which guarantees s-controllability of the system. Next, we design an algorithm that draws sample, say Y , from V such that for any S 2 V
where T 0 is referred to as temperature parameter. Note that as T ! 0, P T (S) converges to 1 if C(S) is a global minimum value of the cost function C. Thus, for a small enough T , the algorithm outputs optimal S with high probability. Note that computing distribution [P T (S)] S2V has exponential complexity as |V | = 2 |V | . Hence, we propose to use the well known Markov Chain Monte Carlo (MCMC) method for sampling from the desired distribution [29] .
A key step in this approach is to construct a Discrete Time Markov Chain (DTMC) on space V whose stationary distribution p T (S) point-wise equals the desired distribution P T (S). Let {Y T (t)} t 0 be the DTMC. Then it is guaranteed that
for every S 2 V . Thus, a random variable Y T (t) has approximately the desired distribution for t large enough. Hence, to sample the distribution [P T (S)] S2V , we just need to simulate the DTMC for sufficiently large t and output its state at time step t. For this approach to be feasible, we should be able to execute each transition of the DTMC in polynomial time and storage complexity. Also, the convergence in Eq. (3) should be fast enough, so that we need not simulate the DTMC for prohibitively excessive number of steps to get a good approximation. Choice of the cost function plays a key role in determining the speed of convergence. Next, we describe the cost function considered in this paper.
A. Cost Function
Consider S 2 V . We now describe how the cost function at S, C(S), is calculated. Recall that G(A) and G(A ⇥ ) are the loop directed graphs corresponding to the state matrix A and the modified state matrix A ⇥ , respectively. We assign black color to each of the vertices in S. Starting from these black vertices, we apply color changing rule iteratively in both G(A) and G(A ⇥ ). It should be noted that in G(A) all nodes with self loop can potentially force themselves, while in G(A ⇥ ) only the nodes that do not have self loop in G(A) can force themselves. Let W (S) and W ⇥ (S) denote the set of white nodes that can not be forced in G(A) and G(A ⇥ ), respectively. Now, we define our cost function as follows.
where e > 0 is a constant (typically small). Note that the cost function can be evaluated for any S in time O(n 3 ) [10] . Now, we show that the cost function achieves minimum value at S ? . Lemma 1. Let S ? be such that B(S ? ) is an optimal solution of Problem 1, i.e., structured system (A, B(S ? )) is s-controllable, and for any S such that (A, B(S)) is s-controllable, |S ? |  |S|. Then, for every S 2 V , C(S ? )  C(S) with equality if and only if B(S) is also an optimal solution to Problem 1.
We omit the proof for Theorem 3 due to space limit. See [28] for detailed proofs. In the next section, we discuss construction of DTMC and show that it has the desired stationary distribution.
B. DTMC Construction
Let {Y T (t)} t 0 be a DTMC on V , i.e., Y T (t) 2 V for every step t.
Here, T > 0 is a fixed parameter. Note that the DTMC is a set valued process. To completely specify the DTMC, it is enough to provide the |V | ⇥ |V | one step transition probability matrix (TPM), which we do next. First we describe how transition in the DTMC occur. Fix S 2 V \ {f ,V } and define the following sets. Note that the sets in the collection N 1 (S) are obtained by adding a new vertex to the set S. The collection N 2 (S) is obtained by removing an existing vertex from set S. Finally, the collection N 3 (S) is obtained by removing one existing vertex and adding a new vertex to S. Note that for S = f , N 2 (S) [ N 3 (S) = f and for S = V , N 1 (S) [ N 3 (S) = f . Moreover, |N 1 (S)| = n |S|, |N 2 (S)| = |S| and |N 3 (S)| = |S| ⇥ (n |S|). In our proposed DTMC, transitions are possible only to sets in collection N (S) from S. In this sense, the set N (S) is referred to as the set of neighbors of S. Let Y T (t) = S. The transition happens in two stages: first, a neighbor, say S p , of current set S is proposed as possible next state. Second, the proposed transition is either accepted and Y T (t + 1) = S p or it is rejected and Y T (t + 1) = S. The acceptance/rejection of proposed transition is probabilistic and the probability depends on the value of cost function at S and S p . Now, we describe the TPM of the proposed DTMC. Define for a set S,
If Y T (t + 1) = S, the proposed state S p is picked uniformly at random from N w (S) with probability p w (S) for w = 1, 2, 3. Alternate way to think about this choice is the following. First choose one of the three actions, viz. add a vertex, remove a vertex and swap vertices, with probabilities p 1 (S), p 2 (S) and p 3 (S), respectively. In case the add action is chosen, pick a vertex from V \ S uniformly at random and add it to S to get S p . In case the remove action is chosen, pick a vertex from S uniformly at random and remove it from S to get S p . For the swap action, select one vertex each from S and V \ S uniformly at random and swap them to get S p . Finally, if S 2 {f ,V } and the swap action is chosen, then S p is chosen to be S itself. Now, when Y (t) = S and a state S p 2 N (S) is proposed, then the probability of the next set chosen is given by 
Eqs. (5) and (6) Proof. Since Y T (t) 2 V for every t 0 and |V | = 2 n , the DTMC clearly takes finitely many distinct values. To show irreducibility, we need to show that there exists positive probability path from any state S to any other state S 0 of the DTMC. This follows by observing that from any DTMC state S there exists a positive probability path to DTMC state f and from f there exists a positive probability path to any DTMC state S 0 . The DTMC is aperiodic since the DTMC state f satisfies P ff > 0. Thus, the DTMC is positive recurrent and has a unique stationary measure p p p T that satisfies matrix fixed point equation p p p T = p p p T P P P, where P P P is the TPM [29] .
In the following result, we show that the steady state distribution has the desired form.
Theorem 3. For any fixed T > 0, the steady state distribution of the constructed DTMC {Y T (t)} t 0 is given by
We omit the proof for Theorem 3 due to space limit. See [28] for detailed proofs. The above corollary shows that if we consider the state of the DMTC for a large enough t and a small enough T , then it corresponds to an optimal solution with high probability. The parameter T is referred to as "temperature" and captures the classical exploration versus exploitation trade-off. Large value of T allows for the DTMC to explore more, but the steady state probability mass on S ? may not be high enough. Thus, the probability of finding optimal solution may not be high enough. On the other hand, if T is chosen to be small, then the exploration rate becomes small and the chain may get stuck in the local minima for long time. We start with a large value of T and then gradually reduce it. This allows rapid exploration in the beginning, and as time increases the chain moves only to the states that have a lower cost. Let T t denote the temperature at time step t. In our case, we start withe some predefined temperature T 0 . Temperature parameter is updated after every 1000 time steps. Our update rule is: T 1000k = aT 1000(k 1) with a < 1 and k = 1, 2,.... For t 2 {1000k,...,1000(k + 1) 1}, T t = T 1000k . We conduct the simulations until T t stays above a predefined value T stop . The value of the DTMC at the stopping time is the output of the algorithm. Algorithm V.1 provides the pseudo-code.
Lemma 5. Each iteration of Algorithm V.1 has computational complexity O(n 3 ). Moreover, the storage required is O(n 2 ).
We omit the proof for Lemma 5 due to space limit. See [28] for detailed proofs.
Next, we evaluate the performance of our algorithm.
VI. RESULTS AND DISCUSSION
Here, we present our experimental results. Performance of our algorithm is compared with optimal (whenever its computation is possible) and with only known heuristic [1] . The following scenarios are considered: (1) small random networks, (2) large self-damped directed tree networks, (3) large random systems and (4) real world networks. In all our experiments, we use the following values for parameters in Algorithm V.1: T 0 = 1.5, a = 0.95 and T stop = 0.001. These choices amount to 143,000 iterations.
A. Small Random Graphs
We construct state matrix A with dimension varying from 5 to 100. Each entry in the matrix is ⇥ with probability (1 + d ) log(n)/n and zero otherwise, where d > 0. Entries in the matrix are chosen independently. Note that G(A) for this construction is an Erdős-Renyi graph with the directed edge probability iter iter + 1 21: if (iter mod 1000) = 0 then [30] . Table I shows the results averaged over 100 random state matrices for each n. Optimal results for n > 20 could not be obtained. Note that our randomized algorithm obtains optimal solution in every case and the heuristic algorithm does not. The results are somewhat expected as for small n, the state space is not very large and it is possible that the randomized algorithm also explores all the states before termination. Hence, next we consider large systems and see how the proposed algorithm performs with respect to optimal solution and heuristic.
B. Large Directed Tree Networks
Here, we generate A matrix randomly such that G(A) is a directed tree with each node having self loop (A ii = ⇥ for every i). We consider these systems as solving Problem 1 for tree networks is possible in polynomial time [10] . The results for network sizes 500, 1000, 1500 and 2000 are tabulated in the second column 
where b H (n) and b R (n) denote the average number of inputs chosen by the heuristic and our randomized algorithms, respectively, for the network of size n. The average is over 100 different topologies for each network size. We like to mention that the proposed algorithm has always achieved the optimal. Moreover, the heuristic's performance is about 150% worse than that of the proposed algorithm in each case.
C. Large Synthetic Random Graphs
We conducted experiments on large synthetic random graphs for network sizes 500, 1000, 1500 and 2000. The networks are generated in the same way as described in Section VI-A. The third column of Table II provides the performance comparison between the heuristic and the proposed algorithm. The performance metric is calculated in the same way as described in Section VI-B. In this case, the heuristic has performed reasonably well as compared to the proposed algorithm. Moreover, the performance gap between the two schemes reduces as the network size increases. Here, we would like to note that though the considered ratio is decreasing, the absolute difference between the average number of inputs selected under the two schemes is increasing with n.
D. Real-World Networks
We further carried out experiments on real-world networks. The networks studied along with our findings are listed below:
• Power system network: controllability of power systems is necessary especially when studying for failures. We used IEEE 39-bus electric power system [31] which is a benchmark model in power systems. The electric power grid consists of 39 bus system which act as vertices in the directed graph. These buses in the system are interconnected through transmission lines which act as edges. We applied the proposed algorithm and heuristic to minimize the number of buses to be selected. Results of both the methods are listed in Table III. • Biological network: controllability of biological networks has been studied to identify drug targets, protein interaction etc. Modifications and interactions between proteins affect the human health. We use the dataset of Stelzl protein interaction in humans [32] . Each vertex represent a protein and edges represent the interaction between them. Results of the proposed algorithm and the heuristic on the biological network are in Table III. • Infrastructure: networks can also be constructed for several infrastructure scenarios such as road network and airport network. In an airport network, controllability guarantees a congestion-free operation of the network. We consider the network of flights between US airports in the year 2010 [33] . Each node in the network represents an airport, and an edge represents a flight connecting them. Results for s-controllability of these networks using proposed algorithm and the heuristic are presented in Table III . While the heuristic and the proposed randomized algorithm has similar performance in some cases the proposed algorithm significantly outperforms the heuristic in most of the cases.
VII. CONCLUSION
Controllability of LTI systems for all numerical realizations (scontrollability) is desired in several scenarios. We have considered a problem of finding minimum number of inputs so as to achieve s-controllability. Unfortunately, this problem is not only NP-hard, but it is also hard to approximate. Indeed, the only known heuristic for this problem can be shown to perform arbitrarily bad. Hence, we proposed a randomized algorithm that outputs an optimal solution with high probability. We have tested the proposed algorithm on large systems for which optimal solution can be computed, and found that the algorithm finds an optimal solution in reasonable time. Even for other large randomly generated systems the proposed scheme outperforms the heuristic. Finally, we show that the performance of the proposed scheme is significantly better than the heuristic in several real world networks of practical importance.
